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The η → pi0pi0γγ decay in Generalized chiral
perturbation theory¶
M. Kolesa´r†and J. Novotny´‡
Institute of Particle and Nuclear Physics,
Charles University, V Holesˇovicˇka´ch 2, 180 00 Czech Republic
Abstract
Calculations of η → π0π0γγ decay in Generalized chiral perturbation
theory are presented. Tree level and some of next-to-leading corrections
are involved. Sensitivity to violation of the Standard counting is discussed.
1 Introduction
The η(p ) → π0(p1)π0(p2) γ(k) γ(k′) process is a rare decay, which has been
recently studied by several authors in context of Standard chiral perturbation
theory (SχPT), namely at the lowest order by Kno¨chlein, Scherer and Drechsel
[1] and to next-to-leading by Bellucci and Isidori [2] and Ametller et al.[3].
The experimental interest for such a process comes from the anticipation of
large number of η’s to be produced at various facilities.1 The goal of our
computations is to add the result for the next-to-leading order in Generalized
chiral perturbation theory (GχPT). The motivation is that one of the important
contributions involve the η π → η π off-shell vertex which is very sensitive to
the violation of the Standard scheme and thus this decay provides a possibility
of its eventual observation. We have completed the calculations at the tree
level, added 1PI one loop corrections and phenomenological corrections of the
resonant contribution. These preliminary results we would like to present in
this paper.
2 Kinematics and parameters
The amplitude of the process can be defined
〈π0(p1)π0(p2)γ(k, ǫ)γ(k′ , ǫ′)out|η(p)in〉 = i(2π)4δ(4)(Pf − p)Mfi. (1)
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1according to [4], at DAΦNE about 108 decays per year
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In the square of the amplitude summed over the polarizations
|Mfi|2 =
∑
pol.
|Mfi|2, (2)
only three independent Lorentz invariant variables occur
sγγ = ( k + k
′)2, sππ = (p1 + p2)
2, k.Pππ = k.(p1 + p2), (3)
where sγγ resp. sππ can be interpreted as diphoton resp. dipion energy squares.
k.Pππ can be expressed in terms of sππ, sγγ and the angle ϑγ between the di-
rection of the diphoton and one of the photons in the center of mass of the
diphoton. The range of the kinematic variables is
0 < sγγ ≤ (Mη − 2Mπ)2, 4M2π ≤ sππ ≤ (Mη −
√
sγγ)
2, −1 ≤ cos ϑγ ≤ 1 .
(4)
Our goal is to calculate the partial decay width of the η particle as the function
of the diphoton energy square sγγ
dΓ
dsγγ
=
1
(8π)5M3η
∫
|Mfi|2 λ1/2(M2η , sγγ , sππ)
√
1− 4M
2
π
sππ
d cos ϑγ dsππ. (5)
At the lowest order, the SχPT does not depend on any unknown free order
parameters. In contrast, there are two free parameters controlling the violation
of the Standard picture in the Generalized scheme. We have chosen them as
r =
ms
mˆ
, XGOR =
2Bmˆ
M2π
(6)
and their ranges are r ∼ r1 − r2 ∼ 6 − 26 , 0 ≤ XGOR ≤ 1. The Standard
values of these parameters are r = r2 and XGOR = 1. In the Standard counting
also ∆GMO = 0, where
∆GMO =
3M2η +M
2
π − 4M2K
M2π
. (7)
We use abbreviations for
mˆ =
mu +md
2
, R =
ms − mˆ
md −mu (8)
r1 = 2
MK
Mπ
− 1, r2 = 2M
2
K
M2π
− 1 (9)
and
ε = 2
r2 − r
r2 − 1 . (10)
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3 Tree level
At the O(p4) tree level, the amplitude has two contributions, with a pion and
an eta propagator. The first one is resonant and thus we call it ‘π0-pole’, the
other is nonresonant ‘η-tail’. The amplitude of the π0-pole contribution is
iM(R)fi = −
3ie2∆πηαR
16
√
3π2F 3πR
εαβµν ε∗α( k, λ) ε
∗
β( k
′, λ′) kµk
′
ν
1
sγγ −M2π
, (11)
where ∆πη =M
2
η −M2π ,
αR =
4 δ√
3
+
2M2π(r − 1)
∆πη
[
1
3
(αππ − 1)
(
1− 4 δ√
3
)
+
∆GMO
(r − 1)2
(
1 +
4 δ√
3
) ]
.
(12)
and αππ = 1+(6(1−XGOR)+3rε)/(r+2) . In the Standard limit αR, αππ = 1.
δ/R is the η − π0 mixing angle
δ =
√
3
4
[
1 +
M2π
3∆ηπ
(
(r − 1)2 ε− 3∆GMO
)]
. (13)
The structure of the η-tail amplitude is similar
iM(η)fi =
ie2M2π απη
12
√
3π2F 3π
εαβµν ε∗α( k, λ) ε
∗
β( k
′, λ′) kµk
′
ν
1
sγγ −M2η
. (14)
The constant απη is
απη = 1 +
(1 + 2r)(2(1 −XGOR) + r ε)
2 + r
− 2∆GMO
r − 1 . (15)
The Standard values of the contributions to the partial decay rate and the
maximum possible violation of the Standard counting (r = r1,XGOR = 0) are
represented in fig.1. The pole of the resonant contribution at sγγ = M
2
π ∼
0.06M2η is transparent. While in the Standard case it is fully dominant, in
the Generalized scheme the η-tail could be determining in the whole area sγγ >
0.11M2η . The reason can be found in the constant απη from the η π → η π vertex.
Its Standard value is equal to απη = 1, but in the Generalized counting it could
jump up to απη ∼ 16. Compared to απη, αR is not so sensitive, maximum value
is αR ∼ 1.5 for r = 15,XGOR = 1.
The full decay width for the Standard (r = r2,XGOR = 1,∆GMO = 0) and
Generalized case (r = r2,XGOR = 0.5 and r = r1,XGOR = 0) is displayed in
fig.2. It can be seen, that even in the conservative intermediate case the change
is quite interesting.
4 One loop corrections
There are four distinct contributions at the next-to-leading order: one loop
corrections to the πo-pole and the η-tail, one particle irreducible diagrams and
counterterms. In the latter case we will rely upon the results of [3]. Their
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Figure 1: SχPT and GχPT contributions to the partial decay rate dΓ/dzγ
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Figure 2: Full tree level decay width depending on the parameters r and XGOR
estimate from vector meson dominated counterterms indicates, that it causes
only a slight decrease of the full decay width. Because the estimate is the same
for both schemes, for our purpose of studying the differences between them we
can leave it for later investigation.
More important might be the corrections to the η-tail diagram. At the
present time, although we do have the amplitude, we are still working at the
numerical analysis. We decided, similarly to [2], to correct the π0-pole ampli-
tude (11) by a phenomenological parametrization of the η → 3π0 vertex and fix
the parameters from experimental η → 3π0 data:
iAcorr(η → 3π0) = − 3i∆πη
4
√
3F 2πR
̺eiφRiM(R)fi (16)
= − 3ie
2∆πη
16
√
3π2F 3πR
̺eiφR εαβµν ε∗α( k, λ) ε
∗
β( k
′, λ′) kµk
′
ν
1
sγγ −M2π
. (17)
The factor ̺ can be fixed from the experimental results for η → 3π0 [2]
− 3∆πη
4R
= M2K± −M2K0 +M2π0 −M2π± , ̺ = 2.0 ± 0.1 . (18)
As the phase φR cancels in the square of the amplitude, it cannot be determined
that way. It is possible to make an estimate by expanding the η → 3π0 one
4
loop amplitude around the center of the Dalitz Plot [2]. By performing this
procedure in the Generalized scheme it can be found
φR =
1
96πF 2π
√
1− 12M
2
π
M2η − 3M2π
[
2M2η +M
2
π
(
11αππ − 2
)]
. (19)
The 1PI amplitude, where we neglected the suppressed kaon loops, can be
expressed as
iM(1PI)fi =
e2
12
√
3π2F 5π
εαβµν ε∗α( k, λ) ε
∗
̺( k
′, λ′) kβpν [ k
′
µq
̺ − δ̺µ q.k′ ]
× [ 3sππ +M2π(αππ − 4 )] F ( k′, q ) + ( k ↔ k′), (20)
where q = p− k and
F ( k′, q )
∣∣∣
k′2=0
=
1
2(q.k′)2
[( i
8π2
−4M2π C0(k′, q)
)
q.k′+
(
B0(k
′, q)−B0(q)
)
q2
]
.
(21)
C0(x, y ) and B0(x) are the standard scalar two and three point functions [5].
In the square of the amplitude we can distinguish the following contributions
|Mfi|2 =
∑
pol.
[
|M(R)fi |2 + |M(1PI)fi |2 +M(1PI−R)fi +M(η) 2fi
]
, (22)
where M(1PI−R)fi is the 1PI-resonant interference and
M(η) 2fi = |M(η)fi |2 +M(1PI−η)fi +M(R−η)fi (23)
is the effect of the η-tail diagram. M(1PI−η)fi and M
(R−η)
fi are the interference
terms denoted in the same way as M(1PI−R)fi .
Similarly to the tree level case, fig.3 represents the relevant contributions
to the decay width for the Standard and the maximum violation of the Stan-
dard scheme. The absolute value of the interference terms is drawn. Indeed, at
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Figure 3: SχPT and GχPT contributions to the partial decay rate dΓ/dzγ
the left picture we reproduce the results of [1], [2] and [3]. The 1PI–resonant
interference is destructive for sγγ > M
2
π and constructive otherwise. This con-
firms the results of Ametller et al.[3] and is in contradiction to work of Bellucci
5
and Isidori [2]. Moving to the Generalized counting, the 1PI graphs does not
dramatically influence the indications of the tree level. Fig.4 displays the cor-
rected decay width in both extremes of the parameters. For comparison, also
the change in 1PI diagrams is shown.
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Figure 4: One loop corrected full decay width and the 1PI graphs’ contribution
5 Conclusion
We have analyzed the η → π0π0γγ decay to the next-to-leading order of chiral
perturbation theory in its both variants. There are four distinct contributions
– the π0-pole, η-tail, 1PI and counterterms.
The calculation in the Standard limit of the theory proved the dominance
of the resonant pion pole contribution in the kinematic region sγγ < 0.20M
2
η .
The η-tail graph is small in the whole phase space. The 1PI diagrams can’t
be omitted, they are dominant for sγγ > 0.20M
2
η . Our calculations confirm the
destructive 1PI-resonant interference in the area sγγ > M
2
π .
The Generalized counting brought some important changes. The 1PI con-
tribution could grow around 50%, the η-tail up to 50 times. The latter one
could become dominant in the whole region sγγ > 0.11M
2
η .
In the full partial decay width, the possible violation of the Standard scheme
is considerable. Relying upon the work [3], we neglected the counterterm con-
tribution. We left open the questions about the higher order corrections to the
η-tail amplitude and the experimental value of our calculations.
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